In this paper, we investigate the steady boundary layer flow of a non-Newtonian fluid, represented by a Sisko fluid, over a wedge in a moving fluid. The equations of motion are derived for boundary layer flow of an incompressible Sisko fluid using appropriate similarity variables. The governing equations are reduced to a single third-order highly nonlinear ordinary differential equation in the dimensionless stream function, which is then solved analytically using the homotopy analysis method. Some important parameters have been discussed by this study, which include the power law index n, the material parameter A, the wedge shape factor β , and the skin friction coefficient C f . A comprehensive study is made between the results of the Sisko and the power-law fluids.
Introduction
The problem of the boundary layer flow of a Newtonian or non-Newtonian fluid over a wedge has important bearing on several manufacturing and processing industries. The wedge phenomena occur in many aerodynamics problems, geothermal industries reactors, enhanced oil recovery, and many others. Due to a stagnation point in the ambient fluid, the boundary layer flow over a wedge represents a different class of boundary layer problem whose solution is substantially different from the boundary layer flow on a stretching sheet. The wedge angle may be regarded as the parameter that takes into account the influence of a streamwise favourable pressure gradient in the boundary layer. The study of the wedge phenomenon was first made by Falkner and Skan [1] . They considered a two-dimensional wedge flow and developed a similarity transform method for the solution. Later the numerical solution was calculated by Hartree [2] for Falkner-Skan boundary layer equations. Stewartson [3] and Libby and Liu [4] showed that multiple solutions existed for the Falkner-Skan equation. A new solution branch of the Falkner-Skan equation was observed by Zaturska and Banks [5] . Recently, several researches have been done to amply the boundary layer theory to analyze the Falkner-Skan flow of non-Newtonian fluids [6 -12] .
In most of these investigations the Newtonian and/or non-Newtonian fluids are considered. However, to the best of our knowledge, no attempts have so far been communicated with regard to Falkner-Skan flow involving Sisko fluid. The fluid under consideration is assumed to obey a recently proposed model of Sisko [13] . The Sisko model is found to be good in predicting the pseudoplastic and dilatant behaviour. This model has been checked experimentally to fit accurately the viscosity data of various commercial greases made from petroleum oils with one of the standard thickening agents such as calcium fatty acid, lithium hydroxy stearate, and hydrophobic silica over a wide range of shear rate [14] . Other models proposed in the literature prior to the Sisko model, for instance, Powell-Eyring and power-law models cover only narrow ranges of shear rate. The three parameter Sisko model, which can be considered as a generalized power-law model that includes a Newtonian component, has not attained much attention in spite of its diverse applications considered in this study. Few excellent works [15 -25] summarizing the current status of the art of research of non-Newtonian Sisko fluids are now available.
The present paper aims to study the steady boundary layer flow of a non-Newtonian Sisko fluid over a wedge. To the best of the authors knowledge, the boundary layer equations for the non-Newtonian Sisko model are lacking in literature which are accomplished in this study. This work may be regarded as an extension of the problem of wedge for the non-Newtonian power-law model. The novel results presented in this study demonstrate the existence of similar solutions of the Falkner-Skan equations for boundary the layer flow of a Sisko fluid. The governing partial differential equations are transformed into an ordinary differential equation using a similarity transformation, before being solved analytically by the homotopy analysis method (HAM). The HAM is a powerful technique, which yields approximate analytic solutions in the form of a rapidly convergent infinite series and has been successfully applied to various kinds of nonlinear problems [26 -32] . The effects of various parameters on the boundary layer flow over wedge are shown graphically and discussed in detail. All the results of the theoretic analysis are in accord with the physical situations. Further, it is hoped that the accomplished results will not only provide useful information for applications, but also serves as a compliment to the previous studies.
Governing Equations
The basic equations governing the flow of an incompressible Sisko fluid, in the absence of body forces, are
where V is the velocity vector, ρ the density, p 1 the pressure, S the extra stress tensor, a, b, and n are the material constants defined differently for different fluids, and A 1 = (gradV) + (gradV) T is the first RivlinEricksen tensor. For a two-dimensional flow in Cartesian coordinates, we assume the velocity and the stress fields of the form
By inserting (3) and (4) in (1) and (2), a lengthy but straightforward calculation results in the relevant governing equations as follows:
In order to facilitate the boundary layer approximations, we introduce the following dimensionless variables:
where L and U denote the characteristic length and velocity, respectively. Hence, the dimensionless equations are
For ε 1 = 0, the equations reduce to those of a powerlaw fluid, and for ε 2 = 0, the equations reduce to those of a Newtonian fluid. Let δ denote the usual boundary layer thickness. As in the usual boundary layer assumptions x, u, and p 1 are of order 1 and v and y are of order δ , respectively. Moreover, for a usual boundary layer the dimensionless coefficients ε 1 and ε 2 are required to be of the order δ 2 and δ n+1 , respectively. With these assumptions and keeping terms of order 1 and higher in the continuity and x-momentum equations, we finally have the following boundary layer equations in the dimensional form:
Mathematical Formulation
Let us consider a two-dimensional steady boundary layer flow of an incompressible Sisko fluid in front of a stagnation point over a wedge plate. The positive xcoordinate is measured along the surface of the wedge with the apex as origin and the positive y-coordinate is measured normal to the x-axis in the outward direction toward the fluid. In the present problem, we have ∂ u/∂ y > 0 (for more detail see [33] ). Under these assumptions, the governing boundary layer equations for a Sisko fluid are
where U(x) is the potential flow velocity.
The corresponding boundary conditions are
with c > 0 is an arbitrary constant, and r is related to the angle of wedge β π by r = β /(2 − β ).
Notice that for the boundary layer flows driven by a free stream, the pressure gradient is set up by the external free stream outside the boundary layer.
To examine the boundary layer flow adjacent to the wall, the following transformations are used:
where η is the similarity variable, and ψ(x, y) is the stream function defined as u = ∂ ψ/∂ y and v = −∂ ψ/∂ x. The local Reynolds numbers are defined by
Re a = (r + 1) 2 ρxU a and
Substituting (18) and (19), we obtain the following boundary value problem:
where
b /Re a and β = 2r r + 1 .
We noticed that f (η) denotes the dimensionless stream function, and f (η) is the dimensionless tangential velocity. It is also known that β = 0 represents the Blasius flow over a flat plate, while β > 0 means a favourable pressure gradient in a flow over a wedge representing the accelerated flow, and β < 0 representing the decelerated flow with separation.
The physical quantity that is important from application point of view is the surface shear stress, which can be measured in terms of the skin friction coefficient,
is the surface shear stress.
By introducing the transformations (18) and (19) , the skin friction coefficient is defined by
Analytic Solution by the HAM
In order to find the analytic approximations of (20) subject to the boundary conditions (21), we apply HAM. Consequently, f (η) can be expressed by the set of base functions {η i e − jη /i ≥ 0, j ≥ 0} in the form
where d i, j are the coefficients to be determined. In order to obey the solution (24) and boundary conditions (21), we choose the initial guess f 0 (η) and an auxiliary linear operator L as
Note that the auxiliary linear operator has the property
According to (20) , we define the nonlinear operator
where p ∈ [0, 1] is the embedding parameter. Leth denote a non-zero auxiliary parameter, then we construct the zero-order deformation problem as
Since the initial guess f 0 (η) satisfies the boundary conditions, it is obvious that, when p = 0, the solution of (29) - (31) reads
When p = 1, (29) -(31) are equivalent to (20) and (21), provided
Therefore as p increases from 0 to 1, f (η; p) varies continuously from the initial approximation f 0 (η) to solution f (η). Using (32) and Taylor's theorem, we expand f (η; p) in a power series of p as
and the convergence of the series (34) is dependent uponh. Assume thath is so chosen that the series (34) is convergent at p = 1. Hence, due to (33) and (34), it is
Differentiating (29) - (31) m-times with respect to p, then setting p = 0, and finally dividing by m!, we obtain the mth-order deformation problem
where R m is defined as
and
The general solution of (37) is
where C 1 ,C 2 , and C 3 are constants, and f * m (η) is a particular solution of (37).
Using f m (+∞) = 0, we have C 2 = 0. The unknown C 1 and C 3 are governed by
In this way, we derive f m (η) for m = 1, 2, 3, . . . successively. At the Mth-order approximation, we have the analytic solution of (20) , namely 
Results and Discussion
The transformed equation (20) subject to boundary conditions (21) It is very important to ensure the convergence of the solution series given by HAM. The convergence region and rate of approximation of this solution series depends upon the convergence control parameterh. In order to find the admissible values of this parameter, theh-curves are plotted in Figure 1a -d. Table 1 . Convergence of the series solutions for different order of approximation when A = 1 and β = 3/2 are fixed. One can see that the valid regions for theh-curves are −1.5 <h < −0.5, −0.95 <h < −0.2, −0.45 <h < −0.1, and −0.3 <h < −0.1 for n = 0, 1, 2, and 3, respectively. Moreover, the norm 2 error of the successive approximation with HAM is calculated by the formula [34] 1 21
to find the best value ofh. These are displayed in Figure 2a -d. Table 1 is given to show the convergence of the series solutions. This table shows that convergent solutions are obtained at 20th-order of approximations.
In order to reveal the effects of the power-law index n, the velocity profiles f (η) are plotted through Figure 3a -d. By analyzing the graphs it reveals that n plays an important role. We notice from these figures that for fixed values of β , in general, the velocity profile f (η) increases with increasing values of n for n = 1, 2, and 3 in the boundary layer. However, it is interesting to note that the profile for n = 0 is the swiftest near the boundary. This behaviour is very noticeable for β = 0 and 0.5, but does not continue to remain the swiftest far away from the boundary for β = 1 and β = 1.5. Moreover, it is also observed that the boundary layer thickness decreases with increasing values of n in the range of conditions studied therein. All these results are in accord with the physical situation.
The spection reveals that the velocity profiles of the Sisko fluid are the smallest while the profiles of the powerlaw fluid are the largest. From these figures, it is seen that the velocity decreases with an increase of A. It is further noticed that the effect of increasing the value of A is seen to increase the boundary layer thickness. Furthermore, we observed that as n increases from 0 through 1, 2, and 3, the decrease in the velocity is continuously reduced and this serves to show the shear thickening of the fluid. It is interesting to conclude that the velocity of the fluid, indeed, can be maintained at the required level by adjusting the power index n and the material parameter A.
The effects of the wedge shape factor β on the velocity profile f (η) are illustrated in Figure 5a -d with varying power index n. These figures show that the velocity of the fluid is substantially influenced by β . From these figures, one can see that when the β value is higher and the dimensionless velocity gradient is larger too, the wedge shape effect will increase the momentum force and the flow will move quickly with the whole flow field. This enhancement of the velocity thus reduces the boundary layer thickness. It is interesting to observed that the increasing values of the power index n also enhance the effects of the wedge shape factor β .
The variation of the local skin friction coefficient C f with several sets of the physical parameters is shown in Table 2 . It indicates the effects of the material parameter A and wedge shape factor β on the local skin friction coefficient for different values of the power index n. It is clear that the local skin friction coefficient increases with the increase in the material parameter A in all cases. But, the local skin friction coefficient decreases with the increase in the power index n. A comparison reveals that the local skin friction coefficient in case of the stagnation flow is larger to that of the Blasius flow. But, a random behaviour is noted for wedge flow compared with that of the Blasius and the stagnation flows. It is further noticed that the local skin friction coefficient for the Sisko fluids is much larger as compared with that of the power-law fluids.
Conclusions
In this work, we accomplished the boundary layer equations for an incompressible Sisko fluid. The power-law equations and the Newtonian equations can be recovered from the given equations. Similarity transformations were used to reduce the partial differential equations into a single ordinary differential equation. The problem of boundary layer flow of a Sisko fluid over wedge has been investigated analytically using HAM. The effects of the different parameters on the boundary layer flow over wedge were shown graphically and discussed in detail.
Based on the obtained results the new findings were as follows:
• The effect of increasing values of the power-law index and the wedge shape factor was to enhance the velocity and thereby reducing the boundary layer thickness.
• An increase in the material parameter was to reduce the velocity and hence enhance the boundary layer thickness.
• It was noted that the power-law fluid was the swiftest while the Sisko fluid was the slowest.
